section is a submanifold of the target.When the target of a generic immersion in the metastable range is Euclidean space and the source is su¤ciently connected, the di¡eotopy equivalence class of this map is determined by the local (even in¢nitesimal) properties of it in a neighborhood of the preimage of the self intersection. This is the content of Theorem 1.2 below, which is the ¢rst step towards our classi¢cation.
As mentioned, there are structures induced on a self intersection. For example, if we let F denote a component of a self intersection surface of a generic immersion then the preimage of F is either disconnected or connected. In the former case the immersion induces a spin structure on F . There is a quadratic function on H 1 F Y Z 2 associated to this spin structure. The Arf invariant of this function is preserved under di¡eotopy equivalence. In the latter case the immersion induces a functional on immersed curves in F . The properties of it depend on the residue class of the dimension of the source manifold modulo 4. We ¢nd invariants of this functional that are preserved under di¡eotopy equivalence.
There is another application of the functional mentioned above: We use it to show that there are restrictions on the self intersection of a generic immersion, f X V v 3 R 2vÀ2 , if v 1 mod 4. If F is a nonorientable component of the self intersection, the genus of F must be even (see Theorem 7.30) . It is interesting that the same restriction holds for an immersion, without triple points and with transverse self intersection, of any orientable 3-manifold into the 4-sphere (see Theorem 7.31).
1.1. Isotopy equivalence. Let f Y h X X 3 Y be maps of topological spaces. We say that f is isotopy equivalent to h if there exist isotopies G t X X 3 X and K t X Y 3 Y such that G 0 1 X , K 0 1 Y and K 1 fG 1 h. The analogous relations in the di¡erential-and pl category will be called di¡eotopy equivalence and pl isotopy equivalence respectively. Since our main concern will be the smooth case, all maps and manifolds are assumed to be smooth, unless something else is explicitly stated.
Immersions.
A map f X V v 3 W w between two manifolds is called an immersion if df , the di¡erential of f , is injective at every point of V . Definition 1.1. A generic immersion f X V 3 W is an immersion such that for any z P W the set f À1 z contains at most two points and if xY y P V , x T y and f x f y z then dfT x V dfT y V T z W .
If 2w b 3v (the metastable range) then any immersion h X V v 3 W w is homotopic, by an arbitrarily small homotopy, to a generic immersion.We write e M f fx P V X f À1 f x T xg and M f f e M f . We call M f the self intersection and e M f the double locus.
Statements of the main results.
Let f Y h X V v 3 W w be generic immersions. As already mentioned, if f and h are di¡eotopy equivalent then M f % M h and e M f % e M h (where``%'' denotes``is di¡eomorphic to'').
Theorem 1.2. Let f Y h X V v 3 R w be generic immersions. Let w v k, where k ! 3 and v 3`2k 2v. Assume that V is closed and v À k 1-connected and that there are di¡eotopies K t X R w 3 R w and G t X V 3 V such that K 1 fG 1 jT hjT, where T is a tubular neighborhood of e M h . Then f is diffeotopy equivalent to h.
A proof is presented in Section 3.
If f X V v 3 R 2v is a generic immersion then M f is a collection of points. If V and R 2v are oriented and v is even then there is an induced orientation of M f . Let c & M f be a component (i.e. c is a point in M f ). When v is even, we let sc P Z 2 be the signature of c. When v is odd, there are no local obstructions to di¡eotopy equivalence and we let sc 0. Theorem 1. 3 . Let f Y h X V v 3 R 2v , v ! 4, be generic immersions. Assume that V is closed and simply connected. Then f is di¡eotopy equivalent to h if and only if there is a 1-1 correspondence between the components C f of M f and C h of M h such that if C f corresponds to C h then sC f sC h , where s is as described above. Theorem 1.3 is proved in Section 4.2. There is an analogue of Theorem 1.3 in the pl category that actually is somewhat stronger. We can replace v ! 4 above by v ! 3. For the necessary de¢nitions in the pl case, see Section 4.3.
If f X V v 3 R 2vÀ1 is a generic immersion then M f is a collection of circles. Assume that V is a spin manifold and let c be a component of M f . We shall de¢ne an invariant sc P Z 2 , which describes the local obstructions to diffeotopy equivalence.The preimage e c f À1 c has either one or two components. If e c is disconnected then there is an induced spin structure on c (cf. Proposition 2.10) and, in this case, we let sc 1 if the induced spin structure is trivial (spin cobordant to zero) and sc 0 otherwise. If e c is connected then, given a framing of the normal bundle of e c, the map f induces a structure similar to a framing of the normal bundle of c. Such a structure will be called a twist framing (see De¢nition 5.3). There are two twist framings up to isotopy. Taking into account also the framing from which the twist framing is induced, it is possible to de¢ne sc (see De¢nition 6.7) also in this case. The latter case, e c is connected for some component c of M f , appears only if v dim V is odd. Theorem 1. 4 . Let f Y h X V v 3 R 2vÀ1 , v ! 6, be generic immersions. Assume that V is closed and 2-connected. Then f is di¡eotopy equivalent to h if and immersions in the metastable range and spin...only if there is a 1-1 correspondence between the components C f of M f and C h of M h such that if C f corresponds to C h then f À1 C f and h À1 C h have the same number of components and sC f sC h , where s is as described above. Theorem 1.4 is proved in Section 6.2.
If f X V v 3 R 2vÀ2 is a generic immersion then M f is a collection of closed surfaces. Assume that V is a spin manifold and let F be a component of M f . Let gF genusF . We shall de¢ne an invariant sF P GnY v, where the group GnY v depends on the number n of components of e F f À1 F and the residue class v of v modulo 4 in the following way, G2Y v Z 2 for all v and G1Y v 0Y 0Y Z 2 È Z 2 Y Z 8 for v 0Y 1Y 2Y 3 respectively. The invariant sF describes the local obstructions to di¡eotopy equivalence and is de¢ned in Table 1 below. The ¢rst row in this table is straightforward to explain: If e F has two components then f induces a spin structure on F and hence a Z 2 -quadratic form q f YF on H 1 F Y Z 2 . Let Arfq f YF denote the Arf invariant of the quadratic function q f YF and de¢ne sF Arfq f YF P Z 2 , in this case. The other rows should be read in a similar way. The second and third row are explained in Section 7.6, the fourth row in Section 7.5 and the ¢fth row in Section 7.4.
and hence a Z 2 -quadratic
orientable, of a spin structure 
2.2.
Spin. Let be an orientable vector bundle over a base space B. LetESO denote the total space of its principal SO-bundle. Aspin structure on can be viewed as an element in the cohomology groupH 1 ESOY Z 2 , which takes the value 1 on the ¢ber class, i. e. the class represented by inclusion of the nontrivial loop in a ¢ber. In the special case when the vector bundle is 1-dimensional we consider the spin structure as an element in H 1 BY Z 2 . A spin structure on an orientable manifold is a spin structure on its tangent bundle. The following lemma is proved in [11] . Lemma 2.7. Let n Y m Y k be orientable vector bundles over B. Let n m k and n m È k . Spin structures on any two of these bundles determine a spin structure on the third. component of M f such that f À1 C f e C f is disconnected. If there are spin structures on V and W then there is an induced spin structure on C f .
Proof. There are disjoint tubular neighborhoods N 1 and N 2 of the components of e C f such that f jN i is an embedding i 1Y 2. Now, C f is the transverse intersection of the two embedded spin submanifolds f N 1 and f N 2 in the spin manifold W .
Spin structures are de¢ned on oriented manifolds. The self intersection in Proposition 2.10 receives an orientation if we order N 1 and N 2 in the proof. If w À v is even the induced orientation is independent of the ordering. If w À v is odd and this ordering is changed then the orientation changes and the spin structure is reversed.
If M is a spin manifold andc is a framed loop in M, we can orthonormalize the framing and regardc as a loop in the principal bundle. Thenc represents a homology class c P H 1 ESOTMY Z 2 . Let X , Y , Z and W be as in Proposition 2.9. Letc Z be a framed loop in Z. If we extend this framing of TZ along c to framings of TX and TY then we obtain two framed curvesc X andc Y in X and Y respectively. Taking the sum of the extensions and the framing of TZ we get a framing of TW along c. The framed curve in W , obtained in this way, will be denotedc W . Proposition 2.11. Let $ X , $ Y and $ W denote the spin structures on X , Y and W respectively. Let $ Z denote the spin structure induced on Z. Then
Proof. This follows from the proof of Lemma 2.7, given in [11] . Remark 2.12. Assume that the extension to TX is changed in such a way that the ¢ber class of SOTX is added to c X , and that c Y is ¢xed. Then c W changes by the ¢ber class in SOTW . Hence, the formula in Proposition 2.11 is independent of the extensions of the framing of TZ.
Remark 2.13. If the manifold Z in Proposition 2.11 happens to be S 1 we see that $ Z is an element in
For future reference we note that there are two spin structures on the circle. The trivial spin structure, which is induced from the unique spin structure on the disk and corresponds to the cohomology class $ which takes the value 1 on the generator of H 1 S 1 Y Z 2 . The Lie group one, which corresponds to the 0 cohomology class and with which S 1 is not a spin boundary. 
The proof of Lemma 2.14 is a standard application of the techniques used to prove e.g. the Tubular Neighborhood Theorem. Note that if $ wÀv N e M f & V and 2vÀw NM f & W , Lemma 2.14 tells us that any generic immersion f X V 3 W is di¡eotopy equivalent to a map that equals the normal derivative of f in a neighborhood of the self intersection. Using Lemma 2.14 we can ¢nd a di¡eotopy R t X R w 3 R w that is ¢xed outside a neighborhood of hT and tubular neighborhoods
Then, clearly, f is di¡eotopy equivalent to h. Thus, to complete the proof it is enough to prove that f
First of all it is necessary that f H and h H are homotopic relative dT . They are both solutions to the lifting problem
The obstructions to a homotopy are found in 
Condition (c) holds by assumption. Condition (b) holds by the above since v À k 2`2k À 2. To see that condition (a) follows from our assumptions, note that V À T is a deformation retract of V À e M h . Hence, V À T is v À k 1 connected by general position and the fact that V is v À k 1 connected. Thus, there is a pl embedding
Adjoining copies of V À T Â 0Y at the ends ofV À T Â I we can make F s f H for s near 0 and similarly at the other end. Hence F X V À T Â I 3 R w À U Â I is an allowable concordance connecting f H and h H . Proposition 3.3 then implies that f H and h H are pl isotopic (even ambient isotopic). We conclude from Theorem 3.5 that f H is smoothly isotopic to h H , keeping dT ¢xed, since 2v k b 3v 1. Proposition 3.4 shows that this di¡erentiable isotopy extends to an ambient diffeotopy that keeps dU ¢xed. Thus we have the required di¡eotopy L t discussed in the beginning of the proof.
We state below the theorems used in the above proof. Theorem 3.1. (Hudson) Let M and Q be connected pl manifolds of dimensions m and q respectively, M being compact. Let f X M 3 Q be a map such that f À1 dQ dM, and the restriction f j dM is a pl embedding. If q À m ! 3,
and
then f is homotopic, keeping dM ¢xed, to a pl embedding. Here, % r f denotes the r th relative homotopy group of I f Y M where I f is the mapping cylinder of f .
Theorem 3.1 is proved in [6] . 
0-dimensional self intersection.
Proof. Di¡eotopies preserve local orientation.
4.2.
Proof of Theorem 1.3. The only if part follows from Lemma 4.2 and the fact that the di¡eomorphism type of the self intersection is preserved under di¡eotopy equivalence. Orient V and R 2v . Let z P M f and P M h . Assume that sz s. Suppose that f À1 z fxY yg and
When v is odd we get an induced orientation of z by ordering fxY yg. Changing the ordering changes the induced orientation. Assume that the notation is chosen so that xY y induces the same orientation on z as does $Y on .
By Lemma 2.14 we can, locally, replace the maps h and K . By our assumptions the orientations of these framings agree. It is then easy to ¢nd adi¡eotopy K
hjW , where W is a neighborhood of e M h . An application of Theorem 1.2 ¢nishes the proof.
pl results.
A pl immersion is a pl map f X V v 3 W w that locally, is a locally £at pl embedding. (If w À v ! 3, local £atness is automatic.) If w 2v then we say that the pl immersion f is generic if any self intersection point is an intersection of two v-dimensional faces, of f V , in general position. Theorem 1.2 can be proved in the pl case. The proof is exactly the same as that given for the smooth case. However, we need not apply Theorem 3.5 and therefore we can weaken the assumption v 3`2k to v 3 2k. (Hae£iger's construction of knotted di¡erential 3-spheres in 6-space (cf. [2] ) shows that the condition v 3 2k is not su¤cient in the smooth category.) We can then prove Theorem 1.3 in the pl category with the assumption v 4 replaced by v 3. It is only a matter of ¢nding the pl counterparts of the smooth concepts used in the above proof. We give a brief description:
where the linking number is computed in dD. Since v ! 3 this linking number determines the isotopy class of the link.
Probably there are pl versions of Theorems 1.4, 1.5 as well. To translate the proofs to the pl case one must study the pl analogue of the smooth normal bundle of the self intersection.
Framed and twist framed circles in
If c is a circle in the self intersection of a generic immersion there is some induced structure in the normal bundle of c. We study the structures that arise in this way when the dimension of the self intersection is 1 or 2.
is a framing of the normal bundle of c. Adding the tangent vector c to this framing we obtain a framing cY X of T R n jc, if the orientation of cY X does not agree with that of R n we consider instead À cY X . We denote this framed curvec. As in Section 2.2,c de¢nes an element (after orthonormalization)
, there is a unique spin structure $ on R n . Two framed framed circlesb andc are framed isotopic if and only if h$Y b i h$Y c i.We may also view the vectors in the frame cY X as column vectors of a matrix. In this way, we get a loop 'c in SOn. Two framed circlesb andc are framed isotopic if and only if 'b 9 'c .
Paths and loops in
SOn Let I denote the identity matrix.
Definition 5.1. If n 4k 1 de¢ne An P SOn and Bn À 1 P SOn À 1 by
If n 4k 2 de¢ne An P SOn and Bn À 1 P SOn À 1 by
If n 4k de¢ne An P SOn and Bn À 1 P SOn À 1 by
The group fIY Ang acts on SOn from the right. Denote the corresponding quotient space by SOnaAn. That is SOnaAn is obtained from SOn by the identi¢cation R $ RAn, R P SOn.
Proposition 5.2. Let n 4k r, k ! 1 and r 0Y 1Y 2. Then
The exact homotopy sequence of the ¢bration
Consider a loop ' X 0Y 1 3 SOnaAn such that ' a P p Ã % 1 SOn. Assume that '0 pI. When lifting ' to SOn we obtain a path ! X 0Y 1 3 SOn such that !0 I and !1 An. There are two homotopy classes relative dI of such paths. Hence, % 1 SOnaAn has 4 elements. The loop ' Ã ' lifts to ! Ã !An, where !Ant !tAn. (Here Ã denotes path concatenation. Concatenation of two paths is de¢ned if the ¢rst one ends where the second one begins.) Now, if
We calculate the homotopy class of ! Ã !An by lifting it to the universal covering Spinn of SOn. To this end, note that ! X 0Y 1 3 SOn lifts to a path e ! X 0Y 1 3 Spinn with e !0 1Y e !1 e AnX Hence, the loop ! Ã !An lifts to the path e ! Ã e ! e An, which ends at e An e An. Now, if
so it remains to compute this product. Let e 1 Y F F F Y e n denote the standard basis in R n . If n 4k 1 then An is a composition of re£ections in the hyperplanes with unit normals f i 1 2 p e i1 À e 2ki1 and thus
Similarly, we see that
where f i 1 2 p e i2 À e 2ki2 . Hence, e An e An is, in all the cases, a product of the form u 1 F F F u 2k u 1 F F F u 2k ,where the u i are mutually orthonormal unit vectors. It is straightforward to check that
Twist framed circles. Let c & R n , n 4k r, r 0Y 1Y 2, be an embedded circle. Let p X 0Y 1 3 c be a parameterization of c. Assume that R n is oriented. Definition 5.3. If there is a smooth ¢eld of frames X pt in Nc & R n such that X p1 X p0Bn À 1 we say that c is a twist framed circle and denote it by cY qY X , where q X 0Y 1 3 c is given by either qt pt or qt p1 À t. The choice being made so that the orientation given by qY X agrees with that of R n .
Let cY qY X be a twist framed circle. Then qY X gives a framing of T R n at each point of c. Letting the vectors in this frame be column vectors in a matrix the twist framing induces, after orthonormalization, a loop in SOnaAn. The homotopy class of this loop will be denoted cY qY X .
Let V nÀ1 T R n denote the space of n À 1-frames in T R n .
Definition 5.4. Let cY qY X and bY pY Y be twist framed circles in R n . We say that these are twist framed isotopic if there is an isotopy
such that h 0 qY X , h 1 pY Y and for each ¢xed s,
is a twist framed circle. Here % X V nÀ1 T R n 3 R n is the projection.
Proposition 5.5. Let cY qY X and bY pY Y be twist framed circles in R n , n ! 4. Then cY qY X and bY qY Y are twist framed isotopic if and only if cY qY X bY pY Y .
Proof. Twist framed isotopy induces homotopy in SOnaAn. This proves the only if part. Assume that cY qY X bY pY Y . Choose a di¡eotopy K s of R n such that K 1 q p and dK 1 X q0 Y p0. The only if part shows that bY K 1 qY dK 1 X bY pY Y . Hence, the paths dK 1 qY dK 1 X and pY Y in SOn are homotopic with endpoints ¢xed. It is now easy to complete K s Y dK s X to a twist framed isotopy, moving the frame only.
Remark 5.6. The proof of Proposition 5.5 shows that if two twist framed circles are twist framed isotopic then there is an ambient di¡eotopy of R n moving one of them to the other.
5.4.
Operations on twist framed circles. Let cY qY X be a twist framed circle in R n . Letting Bn À 1 act on the framing we get another twist framed circle cY qY X Bn À 1. Using Proposition 5.5 we get: Proposition 5.7. cY qY X is twist framed isotopic to cY qY X Bn À 1.
If n is even then there is another natural operation on twist framed circles in R n . It is associated with reversing the parameterization. tobias ekholm Definition 5.8. Let n be even. De¢ne Cn À 1 P On À 1 and Cn P SOn by
Let cY qY X be a twist framed circle in R n , n even. We can de¢ne another twist framed circle cY q
Proof. Let ! X 0Y 1 3 SOn be the path induced by cY qY X and ' p! where p X SOn 3 SOnaAn. Then the path induced by cY q H Y X H is ! À1 Cn. Where ! À1 denotes ! transversed backwards. A uniform rotation through an angle % in the plane of the ¢rst two vectors in the framing
Proof. We have exactly as in the proof of Lemma 5.9 with the same notation as there the paths !Y ! À1 Cn X 0Y 1 3 SOn induced by cY qY X and cY q H Y X H respectively. Without loss of generality we may assume that !0 I (and thus !1 An). Choose a path X 0Y 1 3 SOn, with 0 I and 1 Cn. Then, clearly
Note that CnAn AnCn. To prove the lemma it is enough to prove that the loop
is nontrivial in SOn. Since this implies that
We prove this by lifting to Spinn. We have the and ends at À1. This proves that is nontrival.
immersions in the metastable range and spin...Proposition 5.11. Let n 4k 2 and cY qY X be a twist framed circle in
Proposition 5.12. Let n 4k and cY qY X be a twist framed circle in R n .
1-dimensional self intersection.
A Proof. Let b K 1 c. We need to compute
Remark 2.12 allows us to take the extensions of the framing of b as those induced by dK 1 acting on the extensions of the framingof c. We have, for i 1Y 2,
where the second equality follows from the fact that dG 1 is homotopic to identity. Also,
since dK 1 is homotopic to the identity. It follows that sb sc.
When describing the invariants associated to nontrivially covered components we restrict ourselves to the case when the target manifold is Euclidean space. Let f X V v 3 R 2vÀ1 be a generic immersion. Assume that v is odd, R 2vÀ1 is oriented and that V is equipped with a spin structure $
Choose a parameterization q X 0Y 1 3 c of c, such that the orientation given by this parameterization agrees with that induced on c. Then q lifts to two paths q i X 0Y 1 3 V such that q 1 0 q 2 1, q 1 1 q 2 0 and q 1 Ã q 2 is a parameterization of c V . Choose a framing Y of Nc V & V such that, completing Y with the tangent vector of c V coming from the parameterization q 1 Ã q 2 we get a framing of TVjc V , oriented coherently with the orientation of V . We denote the framed curve obtained in this way byc V . Let
Then cY qY X is a twist framed circle. Let u P % 1 SOn, n ! 3, denote the nontrivial element. If p X SOn 3 SOnaAn then p Ã u P % 1 SOnaAn is an element of order 2. For x P Z 2 let x Á p Ã u denote the value at x of the homomorphism Z 2 3 % 1 SOnaAn taking 1 to p Ã u.
Definition 6.4.
Lemma 6.5. The value of 3 f c does neither depend on the choice of parameterization nor on the choice of normal framing of c V .
Proof. Let q H and q be two parameterizations. Since their orientations must agree they are homotopic. Hence also the induced parameterizations of 
Such a framed isotopy clearly gives rise to a twist framed isotopy between cY qY X 1 and cY qY X 2 where X i is the framing induced by df acting on Y i . Hence,
V iY then we can change the framing Y 2 by a locally supported rotation of the frame, such that h$ V Y c 2 V i changes by 1 and cY qY X 2 by addition of p Ã u. Lemma 6.6. Let K t X R 2vÀ1 3 R 2vÀ1 and G t X V 3 V be di¡eotopies. Then
Proof. It follows from Lemma 6.5 that we can assume that the twist framing on K 1 c is induced from that of c by appropriate actions of di¡eo-topies. That the ¢rst term on the right hand side in the de¢nition of 3 f c does not change follows from the fact that G t is a di¡eotopy. That the second does not change follows from the fact that the di¡eotopies gives rise to a twist framed isotopy and Proposition 5.5.
For n 4k ¢x isomorphisms
such that 0p Ã u 2, when k is odd and 0p Ã u 1Y 1, when k is even. Proof. This follows from Lemmas 6.3, 6.6. 6.2. Proof of Theorem 1.4. The assumption, in Theorem 1.4, that V is 2-connected implies that there is a unique spin structure on V . Hence, s is well de¢ned if we ¢x orientations on V and R 2vÀ1 . We assume in the proof below that this is done.
The only if part follows from the fact that the di¡eomorphism type of the self intersection is preserved under di¡eotopy equivalence and Lemma 6. . Consider the formula in De¢nition 6.4, associated to f H and h respectively. Since sc sb, Lemma 6.6 tells us that 3 f H b 3 h b. Note that the terms h$ V Y b V i are independent of the immersions. Hence, the terms of the form bY qY X , associated to f H and h respectively, must agree. Then, by Remark 5.6, there is a di¡eotopy of R 2vÀ1 ¢xed on b taking the twist framing induced by f H to that induced by h. Repeating the above construction for all components of M h we ¢nd di¡eotopies K t X R 2vÀ1 3 R 2vÀ1 and L t X V 3 V such that immersions in the metastable range and spin...
2-dimensional self intersection.
7.1. The ¢rst two invariants. Let f X V v 3 W 2vÀ2 be a generic immersion. If V is closed, Proposition 2.1 shows that M f is a closed surface. Assume that V and W are orientable and let F be a component of M f . The topological type of both F and f À1 F e F is determined by the genus gF of F and the number of components of e F : Denote the surface obtained by connected sum of k tori by AE k and that obtained by connected sum of k projective planes by À k . Let g gF . Proposition 2.1 gives:
7.2. Disconnected double locus and spin structure. A spin structure $ on a surface F induces a quadratic function
where a Á b denotes the intersection pairing. Let z P H 1 SOTF Y Z 2 denote the ¢ber class. Let a P H 1 F Y Z 2 . Then we can compute q $ a as follows. Pick a simple closed curve in F such that a, where denotes the Z 2 -homology class of . Let denote framed with its unit tangent vector, an orientation of F picks a normal vector to complete it to a framing of TF along . We get the element P H 1 SOTF Y Z 2 and q $ a h$Y ziY y see [7] for reference. Let L 2g Y Á be a symplectic vector space over Z 2 . Let q X L 3 Z 2 be a quadratic function on L. The Arf invariant of q is de¢ned by 
Proof. By formula (y) above it is enough to check that Proof. This is a direct consequence of Lemma 7.2 and the fact that if
7.3.
Connected double locus and a functional on curves. We restrict ourselves to the case when the target manifold is Euclidean space. Let f X V v 3 R 2vÀ2 be a generic immersion. Let F be a componentof M H f . Assume that V is equipped with a spin structure $ V and that R 2vÀ2 is oriented. We shall construct a functional 3 f on (oriented) immersed, closed curves in F , which takes values in % 1 SO2v À 2aA2v À 2.
Let u P % 1 SOn denote the nontrivial element. Let p X SOn 3 SOna An be the quotient map. Then p Ã u P % 1 SOnaAn is an element of order 2. Let c & F be an immersed curve whose only self intersectionsare transverse double points. The inverse image f À1 c e c may be either a connected or a disconnected subset of f À1 F e F . Choose a parameterization r X 0Y 1 3 c. 
where n is chosen so that the framing gives the orientation of R 2vÀ2 . This framing induces a loop in SO2v À 2, composing with the quotient map p X SO2v À 2 3 SO2v À 2aA2v À 2 we get an element cY rY X P % 1 SO2v À 2aA2v À 2.
(b) When e c is connected, r lifts to r i X 0Y 1 3 e F ,i 1Y 2 such that r 1 0 r 2 1, r 1 1 r 2 0 and r 1 Ã r 2 is a parameterization of e c. Choose a framing Y of N e F & V je c. Adding the tangent vector given by the parameterization and the appropriate normal vector we get a framing of TVje c. This framed curve gives an element c V P H 1 SOTV Y Z 2 . Now, f induces the twist framing
of c, where n is an appropriately chosen normal vector. As in Section 5.3 we get cY rY X P % 1 SO2v À 2aA2v À 2.
Remark 7.4. If the framed curve constructed in (a) above is denotedc and $ denotes the unique spin structure on R 2vÀ2 then cY rY X h$Y c i Á p Ã u.
Definition 7.5.
Lemma 7.6. The value of 3 f cY r does neither depend on the choice of framing of N e F & V je c nor on the numbering of the liftings of r.
Proof. The ¢rst statement follows in the case of induced twist framing exactly as the corresponding statement in Lemma 6.5. In the case of framing, see Remark 2.12. The second statement follows immediately when there is an induced framing. When there is an induced twist framing it follows from Proposition 5.7.
f be a component and let c & F be a closed curve parameterized by r. If
F is a closed curve with parameterization K 1 r and
Proof. Let K 1 c b. By Lemma 7.6, we can take the framing of e b to be induced by G 1 acting on the framing of e c and similarly for the framing or twist framing induced on b. Then b V c V , since the curve or curves are framed isotopic. If Y denotes the framing or twist framing of b then cY rY X bY K 1 rY Y for the same reason.
Lemma 7.8. If r and r
H are homotopic parameterizations of c then
Proof. An homotopy between r and r H induces homotopies everywhere in the construction preceding De¢nition 7.5.
There
Proof. This is follows from Lemmas 5.9, 5.10 and Remark 7. Proof. Since c bounds a disk D, e c is disconnected and moreover, D is the intersection of two disjoint sheets of f V . Hence, there is an induced spin structure on D, and the spin structure on c must be the trivial one. By Remark 2.13 this means that
Clearly, we can choose the extensions of the framing so that
wherec V is obtained by pulling back the extended framings via f . Hence, we must have
immersions in the metastable range and spin...but this means that cY rY X p Ã u for any parameterization r. We get
Lemma 7.11. If b and c are isotopic embedded curves in F then 3 f b 3 f c.
Proof. The isotopy between b and c extends to an isotopy of F and then to an isotopy of R 2vÀ2 . Also, the isotopy, of F lifts and the lifted isotopy extends to an isotopy of V . The lemma now reduces to Lemma 7.7.
Let c be an immersed closed (oriented) curve in F with at least one double point. Smoothing c at this double point, we obtain two immersed, closed (oriented) curves a and b in F .
Proof. Let x P F be the crossing point. The smoothing takes place in a small disk D about x. Now, f À1 D D 1 D 2 and we can assume that the framings Y of N e F & V je c is chosen to be constant over D i . The smoothing lifts to two smoothings in D 1 and D 2 . If we let the framing of e a and e b be that induced by the framing of e c just changing the part in T e F over D i , i 1Y 2. Then (cf. [7] )
We next consider the situation in T R 2vÀ2 jF . We choose the parameterization r of c so that it starts and ends at x. Let r 1 and r 2 denote the induced parameterizations and X 1 and X 2 the induced (twist) framings of a and b respectively. Let !a, !b and !c be the paths in SOn induced by the framings or twist framings of a, b and c respectively. We treat the di¡erent cases:
1. If a and b are both twist framed then c is framed and
If a is twist framed and b is framed then c is twist framed and
3. If a and b are both framed then c is framed and
Since cY rY X p!c and similarly for a and b we see that,in all the cases above, we have
Finally,
Let a and b be closed immersed (oriented) curves in F that intersect transversely. By smoothing at one of the intersection points we get a closed immersed (oriented) curve c.
Proof. The proof is similar to the proof of Lemma 7.12.
We next extend the function 3 f . Definition 7.14. Let L c 1 F F F c k be a disjoint union of embedded (oriented) circles in F , de¢ne
Let L 1 and L 2 be two unions of disjoint embedded (oriented) circles in F , intersecting transversely in k points. Then we get a new collection of (oriented) embedded circles L 3 by smoothing at these points and
Where k Á p Ã u denotes the value at k of the homomorphism Z 3 % 1 SOnaAn taking 1 to p Ã u.
Proof. Induction using Lemmas 7.12, 7.13.
For n 4k r, r 0Y 2 choose isomorphisms
such that 0p Ã u 2, when k is odd, and 0p Ã u 1Y 1, when k is even. Definition 7.16. Let f X V v 3 R 2vÀ2 be a generic immersion. Assume that V is equipped with a spin structure and that R 2vÀ2 is oriented. Let (If v r mod 4 , r 0Y 1 we assume that the circles are also oriented.) De¢ne
We list the properties of q f that follow from the results above in the following proposition. Proposition 7.17. (a) If L 1 and L 2 are disjoint unions of (oriented) circles in F that intersect in k points then we can get adisjoint union L 3 of (oriented) circles by smoothing all intersections and Proof. Note that % 1 SO2v À 2aA2v À 2 Z 4 and that q f c is independent of orientation in this case. Hence q f is a function from disjoint unions of circles in F to Z 4 . Since q f satis¢es (a) and (b) of Proposition 7.17, we know by Lemma 3.4 in [8] that q f induces a Z 4 -quadratic function q f YF X H 1 F Y Z 2 3 Z 4 . By Theorem 3.2 in the same paper there is a 1-1 correspondence between Z 4 -quadratic functions of the intersection form of F and pin structures.
Let L g be a vector space over Z 2 with a nonsingular bilinear form xY yU 3x Á y P Z 2 . A Z 4 -quadratic function is a function q X L 3 Z 4 such that qx y qx qy x Á y Á 2. Let q be such a function and de¢ne the complex number
is an 8 th root of unity, the residue class of m modulo 8 is a well de¢ned element in Z 8 . It is denoted q and called Brown's invariant of q. For any quadratic function q X L g 3 Z 4 , q g mod 2. If q 1 and q 2 are two Z 4 -quadratic functions on L then there is an isomorphism h of L, preserving the bilinear form, such that q 2 q 1 h if and only if q 1 q 2 . For a reference on this subject see [10] . Proof. This follows from Lemma 7.7 and the fact that
f be a component of M f and let v 2 mod 4. To describe the invariants in this case it is necessary to introduce some algebra.
qx y qx qy x Á y Á 1Y 1Y for all xY y P LY where u Á 1Y 1 is the the value at u P Z 2 of the homomorphism Z 2 3 Z 2 È Z 2 taking 1 to 1Y 1. 
Proof. The construction of q f YF is based on q f . We have % 1 SO2v À 2a A2v À 2 Z 2 È Z 2 , F orientable and q f c independent of the orientation of c. We view q f as a function on disjoint unions of embedded circles. The ¢rst step is to show that given a collection L of embedded circles we can ¢nd a single circle K, homologous to L, such that q f L q f K. If L has more than one component it is possible to draw an arc connecting two of its components. A regular neighborhood of this arc is a disk D with boundary L 1 . By Proposition 7.17 (b) we have q f L 1 0. Now, L and L 1 have two pairs of intersection points and if we orient the two components of L so that immersions in the metastable range and spin...they transverse D in opposite directions and smooth the intersection points we get a new collection K 1 with one component less than L and two boundaries of disks. Now, K 1 is clearly homologous to L and (a) and (b) of Proposition 7.17 shows that q f L q f K 1 . Continue this process until there is only one component left.
Assume that L 1 and L 2 are homologous. We must show that q f L 1 q f L 2 . By the above we can assume that L 1 and L 2 are embedded circles and by Proposition 7.17 (c) and the fact that F is orientable, that they intersect transversely in an even number of points. Smoothing the intersections and applying the above construction we get one zero homologous circle L and q f L q f L 1 q f L 2 so we are done if we can show that q f L 0. Since L is zero homologous there is a surface W , with dW , a single circle and an embedding W 3 F taking dW to L. If W is a disk then q f L 0. We proceed by induction on the Euler characteristic of W . If 1W `1 there is a handle in W . Let K 1 and K 2 be two disjoint meridians of this handle then q f K 1 q f K 2 . Connect both of these to L by disjoint arcs and apply the ¢rst construction of the proof twice. We then get a curve L H that bounds a surface W H with 1W H b 1W and q f L H 0 by our inductive assumption. Finally,
where is an embedded circle with a. Then q f YF is a Z 2 È Z 2 -quadratic function. Proof. Consider case (a). Let i be the core of the i th Moebius strip in F then the basis statement follows. Since e F 3 F is the orientation double cover
If À i denotes i with the opposite orientation then
by Lemma 7.9. Then (a) follows. Consider case (b). We see that F % AE g , some g. We can pick embedded curves First, assume that F is orientable, gF b 0 and that the basic curves are H j e F hj e F and R 1 f H and h are equal in NF & R 2vÀ2 j e C, where e C is a neighborhood in e F of h À1 e a 1 e b 1 e c 1 F F F e b g . Now, F À C, where C h e C R 1 f H e C is a disk D with boundary dD dC. The maps R 1 f H and h induce framings of this disk, from a chosen framing of N e D & V . These framings agree on dD. If we can ¢nd a homotopy between the two framings then a di¡eotopy L t of R 2vÀ2 such that L 1 R 1 f H h in a neighborhood of e F is easily found. Interpreting the framings in the usual way we must look for a solution of the homotopy problem D Â dI dD Â I 3 SO2v À 4 5 7 D Â I X Since % 2 SO2v À 4 0, there is a solution. Secondly, if F is nonorientable we construct the desired di¡eotopy in almost the same way, just drop the b's and J's in the above construction. Finally, if gF 0 we start from any simple closed curve a in F and get two pairs of framed disks with coinciding boundary framings. We see, as above, that the desired di¡eotopy can be constructed.
Repeating this construction for any component of M h we can ¢nd di¡eo-topies K t X R 2vÀ2 3 R 2vÀ2 and G t X V 3 V such that K 1 fG 1 jW hjW where W is a neighborhood of e M h . An application of Theorem 1.2 completes the proof. Proof. Note that F % À g . Assume, to get a contradiction, that g is odd.
Pick an embedded curve & F that is dual to the ¢rst Stiefel-Whitney class w 1 . Since g is odd, a regular neighborhood of is a Moebius strip, B. Since was dual to w 1 , F À B is an orientable surface with a single boundary circle c dB. The covering f X e F 3 F is the orientation double covering, therefore f À1 F À B is disconnected and hence there is an induced spin structure on F À B. This implies that the spin structure induced by f on TF jc must be the trivial one, which in turn implies that
by Remark 2.13. Noting that e c is disconnected it is easy to see (cf. Lemma 7.10) that However, using Lemma 7.13,
since % 1 SO2v À 2aA2v À 2 Z 2 È Z 2 when v 1 mod 4. This is a contradiction.
The next theorem shows that there are similar restrictions on the self intersection in other dimensions. where f x 1 f x 2 x. By the assumption about transversality, this vector ¢eld never vanishes. If gF is odd then this contradicts the fact, proved in in S 1 Â dD 11 . The inverse image of this set is the band S
